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In honor of Jim Lewis, an argument, 
complete with premises, definitions, 
claims, two theorems, a couple of 
lemmas, and evidence:
1. Fostering young people’s mathematical 

flourishing is essential. 
2. Many efforts have been made over decades to 

do this. 
3. Still not a lot has changed inside mathematics 

classrooms, achievement is flat, and deep racial 
inequities persist.

4. False dichotomies impede efforts to advance 
young people’s mathematics flourishing.

5. A failure to disrupt these and to understand the 
work of teaching is a foundational flaw. 

6. Focusing on that work is a critical boundary-
crossing agenda that depends on multiple forms 
of knowledge, humility, curiosity, respect, and 
nuance.
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What are we after?

3
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What are we after?

disrupting persistent patterns of 
racism that push out Black and 

Brown students (and other 
historically marginalized groups)

building the STEM 

workforce

growing a generation 
of adults who don’t 

disidentify with math

broadening our conceptions 

of mathematics and 

mathematical competence
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mathematical flourishing
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mathematical flourishing

conceptual understanding
procedural skill 

mathematical thinking 
and reasoning

positive mathematical 
identity
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mathematical flourishing

conceptual understanding
procedural skill 

mathematical thinking 
and reasoning

positive mathematical 
identity

and that disrupts historical and systemic 

patterns and broadens what this includes and 

whom it includes
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We have been here before, with 
many of  the same concerns.

9

These are not new goals.

Many times.
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A 1953 issue of The Mathematics Teacher stated that 
“competence in mathematics widespread among our people 
is essential for the preservation of our society”.

1990s 2010–
1950–60s

1970–1985
10

This work is licensed under a Creative Commons Attribution-Noncommercial-NoDerivatives 4.0 
International License: https://creativecommons.org/licenses/by-nc-nd/4.0/ 

© 2024 Deborah Loewenberg Ball • Marsal Family School of Education • University of Michigan • Ann Arbor, MI 48109



UNIVERSITY OF MICHIGAN  |  MARSAL FAMILY SCHOOL OF EDUCATION  |  TEACHINGWORKS

October 1, 1991

recurrent worries about achievement data and 
persistent narratives about “gaps” 

What have been the patterns?
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October 1, 1991

Yet, look at math score trends on NAEP:
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What have been other patterns?
repeated investments in designing and 

implementing new curriculum materials
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But another pattern . . . 
A limited understanding of the work of teaching and its 

relation to mathematics learning.

15

This is a fatal pattern.
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Thus, after seven decades of cycles of “math reform,” 
there is too little to show for it.

Much (even most) mathematics classrooms look 
much the same.
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Teachers explain how to “do” procedures.

“Application” problems are contrived and seem 
irrelevant or meaningless to students.

Some students think they are “good at math” 
while others think they are bad at it.

Getting the answer right is the goal.

Students are sorted by judgments about their 
mathematical ”ability.”

Black and Brown students and other systemically 
marginalized groups are pushed out.
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Teachers’ 
mathematical 

knowledgeTeacher 
preparation

Meanwhile, arguments and polarized discourses persist.

Conceptual 
understanding

Practice 

Contexts and 
applications

Racism

Gifted 
students

Tracking
Equity

Fluency and 
skill

18

Direct 
instruction

Inquiry-based 
instruction

This work is licensed under a Creative Commons Attribution-Noncommercial-NoDerivatives 4.0 
International License: https://creativecommons.org/licenses/by-nc-nd/4.0/ 

© 2024 Deborah Loewenberg Ball • Marsal Family School of Education • University of Michigan • Ann Arbor, MI 48109



UNIVERSITY OF MICHIGAN  |  MARSAL FAMILY SCHOOL OF EDUCATION  |  TEACHINGWORKS

The pendulums swing back and forth.
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In honor of Jim Lewis, an argument, 
complete with premises, definitions, 
claims, two theorems, a couple of 
lemmas, and evidence:
1. Fostering young people’s mathematical 

flourishing is essential. 
2. Many efforts have been made over decades to 

do this. 
3. Still not a lot has changed inside mathematics 

classrooms, achievement is flat, and deep racial 
inequities persist.

4. False dichotomies impede efforts to advance 
young people’s mathematics flourishing.

5. A failure to disrupt these and to understand 
the work of teaching is a foundational flaw. 

6. Focusing on that work is a critical boundary-
crossing agenda that depends on multiple forms 
of knowledge, humility, curiosity, respect, and 
nuance.
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We would have to confront a set of false dichotomies.

21

1. Direct instruction versus inquiry-based learning.
2. Teachers’ mathematical knowledge versus teachers’ relationships 

with students.

3. Focusing on getting right answers versus mathematical reasoning.
4. Instructional materials versus teacher autonomy and creativity.
5. Focusing on disrupting racism versus focusing on “the math.”
6. Individualized instruction versus collective classroom work.
7. Teacher education focused on social justice versus on practice.

8. “Struggling” learners versus “bright” students.
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di•chot•o•my: n. /dīˈkädəmē/

Definitions

(a) Division into two sharply defined or contrasting parts; division into two mutually 
exclusive categories or genera; binary classification. (b) A sharp or paradoxical contrast 
resulting from such a division; something paradoxical, ambivalent, or contradictory.

false: adj. /fôls/
(a) Of opinions, propositions, doctrines, representations: Contrary to what is true, erroneous.

A logical fallacy in which a spectrum of possible options is misrepresented as an either-or 
choice between two mutually exclusive things.

false dichotomy: n. /fôls dīˈkädəmē/
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What makes any of 
these “a logical 

fallacy” in which a 
spectrum of possible 

options is 
misrepresented as an 

either-or choice 
between two mutually 

exclusive things”?
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What would it take 
to disrupt these false 
dichotomies and the 
pendulum swings 
they produce? 
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What would it take 
to disrupt these false 
dichotomies and the 
pendulum swings 
they produce? 

Focus on the work of 
teaching mathematics
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What would it take 
to disrupt these false 
dichotomies and the 
pendulum swings 
they produce? 

Focus on the work of 
teaching mathematics

Creating a classroom environment for learning

Using and adapting curriculum materials

Assessing students’ learning

Communicating with 

families

Connecting mathematics to students’ contexts

Knowing and using mathematical knowledge
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What would it take 
to disrupt these false 
dichotomies and the 
pendulum swings 
they produce? 

Focus on the work of 
teaching mathematics

Creating a classroom environment for learning

Using and adapting curriculum materials

Assessing students’ learning

Communicating with 

families

Connecting mathematics to students’ contexts

Knowing and using mathematical knowledge

Understand the density of the 
discretionary spaces inside teaching
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Two theorems

1. Mathematical knowledge for 
teaching (MKT) is necessary 
but insufficient for improved 
mathematics  teaching.

2. Good curriculum materials 
matter but materials do not 
by themselves teach.
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Two lemmas

1. The work of mathematics 
teaching denies and defies 
these dichotomies.

2. The work of mathematics 
teaching inherently entails 
tremendous discretion. 

This work is licensed under a Creative Commons Attribution-Noncommercial-NoDerivatives 4.0 
International License: https://creativecommons.org/licenses/by-nc-nd/4.0/ 

© 2024 Deborah Loewenberg Ball • Marsal Family School of Education • University of Michigan • Ann Arbor, MI 48109



32

This work is licensed under a Creative Commons Attribution-Noncommercial-NoDerivatives 4.0 
International License: https://creativecommons.org/licenses/by-nc-nd/4.0/ 

© 2024 Deborah Loewenberg Ball • Marsal Family School of Education • University of Michigan • Ann Arbor, MI 48109



1. Teaching and learning are constructed interactively and 
interpretively in context.  

33

This work is licensed under a Creative Commons Attribution-Noncommercial-NoDerivatives 4.0 
International License: https://creativecommons.org/licenses/by-nc-nd/4.0/ 

© 2024 Deborah Loewenberg Ball • Marsal Family School of Education • University of Michigan • Ann Arbor, MI 48109



1. Teaching and learning are constructed interactively and 
interpretively in context.  

2. They take place within broad historical and socio-political 
environments.
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1. Teaching is powerful. When it is done with care and 
judgment, students can thrive — learn mathematics, 
develop positive identities, learn to value others and work 
collectively.

2. Teaching also involves enormous discretion.*
3. How that discretion is exercised can either reinforce 

racialized and oppressive patterns of social, personal, and 
epistemic injustice and harm, or it can disrupt these 
patterns.

(*Loewenberg Ball, 2018, in press; Lipsky, 1980)
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Proof: 
Advancing young people’s mathematical flourishing 
requires centering the work of teaching mathematics, 
which depends on multiple forms of knowledge, 
humility, curiosity, respect, and nuance. 
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Fractions:  The given instructional goal
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Fractions:  The given instructional goal

38

How could this be 
expressed in  a way 

that is both 
comprehensible to 
10-year-olds and 
mathematically 

precise?
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Fractions:  The given instructional goal
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How could this be 
expressed in  a way 

that is both 
comprehensible to 
10-year-olds and 
mathematically 

precise?

NAMING A FRACTION

1. Figure out what the whole is.
2. Make sure that the whole is divided into 

equal parts.  If not, make the parts equal.
3. Count how many equal parts there are. 

Call this number d.
4. Write 1/d to show one of the equal parts.
5. If more than 1 of those parts is shaded, 

count them (n) and write (n/d).

NOTE: d ≠ 0 and (in fourth grade) n must be 
a whole number.
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The given mathematics task from a 
“high-quality instructional material”
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The given mathematics task from a 
“high-quality instructional material”

An adapted mathematics 
task
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The given mathematics task from a 
“high-quality instructional material”

An adapted mathematics 
task

Both align 
with the 

learning goal. 
What is the 

same and what 
is different?
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Video: Antar, Gabriella, and Gabi
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Teaching is dense with “discretionary spaces”

25 in 2:21
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(Some of) the teaching and learning goals: 
• Helping students understand fractions
• Supporting collective mathematical work
• Supporting mathematical listening, appraising validity, questioning
• Disrupting patterns of what is seen as mathematical competence and 

who is seen as mathematically competent
• Supporting the development of positive mathematical identities
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Video: Antar, Gabriella, Gabi, Virshawn, Marquis, and Kassie 
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What would 
commonly 

happen 
next? What are the 

possible 
results?
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In the next moment, what is likely to happen?

NORMALIZED NEXT MOVES RESULTS
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In the next moment, what is likely to happen?

NORMALIZED NEXT MOVES
• “Kassie, I see what you are saying, but 

remember that Gabi just showed us 
what the whole is and that the gray 
square is one-fourth.”

RESULTS
• Kassie’s answer is signaled to be 

incorrect and she is positioned as 
not having contributed to the work.
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In the next moment, what is likely to happen?

NORMALIZED NEXT MOVES
• “Kassie, I see what you are saying, but 

remember that Gabi just showed us 
what the whole is and that the gray 
square is one-fourth.”

• “Kassie, it is really important to 
identify what the whole is first. Who 
can show Kassie what the whole is 
here?”

RESULTS
• Kassie’s answer is signaled to be 

incorrect and she is positioned as 
not having contributed to the work.

• Kassie is called out for not knowing 
what the whole is and she is 
sidelined.
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In the next moment, what is likely to happen?

NORMALIZED NEXT MOVES
• “Kassie, I see what you are saying, but 

remember that Gabi just showed us 
what the whole is and that the gray 
square is one-fourth.”

• “Kassie, it is really important to 
identify what the whole is first. Who 
can show Kassie what the whole is 
here?”

• “Thumbs up if you agree with Kassie; 
thumbs down if you disagree.”

RESULTS
• Kassie’s answer is signaled to be 

incorrect and she is positioned as 
not having contributed to the work.

• Kassie is called out for not knowing 
what the whole is and she is 
sidelined.

• Kassie’s solution is “voted” on by her 
classmates.
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Discretionary spaces are 
inherent in teaching
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Discretionary spaces are 
inherent in teaching

• A discretionary space is where 
interpretations, next moves, 
comments, or questions are necessarily 
determined by the teacher—and not 
by a policy or curriculum.

• These interpretations and actions are 
learned through firsthand experience 
in society and in school. 

• These interpretations and actions are 
also habituated. 

(Loewenberg Ball, 2018; Ngo, 2017, Noel, 2018, Sfard)
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What are some of the 
discretionary spaces 

and risks?

The density of discretionary spaces 
related to advancing children’s 
mathematical flourishing
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What are some of the 
discretionary spaces 

and risks?

Antar Gabi Kassie

The density of discretionary spaces 
related to advancing children’s 
mathematical flourishing
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What are some of the 
discretionary spaces 

and risks?

Antar Gabi Kassie

(Gholson, 2021; Wilkes, 2021; Gholson & Martin, 2014; Langer-Osuna, 
2015, 2017; Leonard & Martin, 2013; Martin, 2012, 2015) 

• How are these three different Black children––Antar, 
Gabi, and Kassie––positioned in front of their 
classmates––as contributing to the mathematics, as 
lacking understanding? Are their brilliance and 
humanity seen?

• What is signaled about being a “doer of mathematics”––
both what and who?

• What mathematical understanding is developing in the 
class?

• How are Antar, Gabi, and Kassie experiencing their 
teacher, their peers, this lesson?

• What are the other children in the class learning about 
Black children, about who and what it means to be 
“smart”?

The density of discretionary spaces 
related to advancing children’s 
mathematical flourishing
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In this case, what is some of the work of teaching 
mathematics for students’ mathematical flourishing?
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In this case, what is some of the work of teaching 
mathematics for students’ mathematical flourishing?
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In this case, what is some of the work of teaching 
mathematics for students’ mathematical flourishing?

Seeing Antar’s explanation 
and Kassie’s question as key 
to the class’s work

Knowing and 
using 

mathematics in 
teaching (MKT)
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In this case, what is some of the work of teaching 
mathematics for students’ mathematical flourishing?

Seeing Antar’s explanation 
and Kassie’s question as key 
to the class’s work

Seeing what Marquis is 
doing instead of what one 
wants to hear 

Knowing and 
using 

mathematics in 
teaching (MKT)

Taking as 
axiomatic the 
brilliance of 

Black children
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In this case, what is some of the work of teaching 
mathematics for students’ mathematical flourishing?

Seeing Antar’s explanation 
and Kassie’s question as key 
to the class’s work

Seeing what Marquis is 
doing instead of what one 
wants to hear 

Having things to DO that 
are not the norm

Gholson & Martin, 2014; Langer-Osuna, 2015, 2017; Leonard & 
Martin, 2013; Martin, 2012, 2015 

Knowing and 
using 

mathematics in 
teaching (MKT)

Taking as 
axiomatic the 
brilliance of 

Black children

Having a 
repertoire of 

practices that 
can be adapted 

and used in 
contexts

64

This work is licensed under a Creative Commons Attribution-Noncommercial-NoDerivatives 4.0 
International License: https://creativecommons.org/licenses/by-nc-nd/4.0/ 

© 2024 Deborah Loewenberg Ball • Marsal Family School of Education • University of Michigan • Ann Arbor, MI 48109



UNIVERSITY OF MICHIGAN  |  MARSAL FAMILY SCHOOL OF EDUCATION  |  TEACHINGWORKS 65

Identifying mathematical learning goals
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Teaching and learning 
mathematics

Identifying mathematical learning goals
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Teaching and learning 
mathematics
• Understanding mathematics oriented 

to others’ thinking
• Helping others understand fractions
• Supporting collective mathematical 

work
• Listening to others’ ideas
• Seeing and hearing students
• Supporting mathematical listening, 

appraising validity, questioning
• Disrupting patterns of what is seen as 

mathematical competence and who is 
seen as mathematically competent

• Supporting the development of positive 
mathematical identities

Identifying mathematical learning goals
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Review: The argument of today’s talk

1. Fostering young people’s mathematical flourishing is essential. 

2. Many efforts have been made over decades to do this. 

3. Still not a lot has changed inside mathematics classrooms, achievement is flat, 
and deep racial inequities persist.

4. False dichotomies impede efforts to advance young people’s mathematics 
flourishing.

5. A failure to disrupt these and to understand the work of teaching is a 
foundational flaw. 

6. Focusing on that work is a critical boundary-crossing agenda that depends on 
multiple forms of knowledge, humility, curiosity, respect, and nuance.
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What would it take 
to disrupt false 
dichotomies and the 
pendulum swings 
they produce? 

Focus on the work of 
teaching mathematics.

Creating a classroom environment for learning

Using and adapting curriculum materials .

Assessing students’ learning

Communicating with 

families

Connecting mathematics to students’ contextsKnowing and using mathematical knowledge

Understand and leverage the density of 
the discretionary spaces inside teaching
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Thank you, Jim!

This work is licensed under a Creative Commons Attribution-Noncommercial-NoDerivatives 4.0 
International License: https://creativecommons.org/licenses/by-nc-nd/4.0/ 

© 2024 Deborah Loewenberg Ball • Marsal Family School of Education • University of Michigan • Ann Arbor, MI 48109



UNIVERSITY OF MICHIGAN  |  MARSAL FAMILY SCHOOL OF EDUCATION  |  TEACHINGWORKS 71

This work is licensed under a Creative Commons Attribution-Noncommercial-NoDerivatives 4.0 
International License: https://creativecommons.org/licenses/by-nc-nd/4.0/ 

© 2024 Deborah Loewenberg Ball • Marsal Family School of Education • University of Michigan • Ann Arbor, MI 48109



UNIVERSITY OF MICHIGAN  |  MARSAL FAMILY SCHOOL OF EDUCATION  |  TEACHINGWORKS

THANK YOU!
dball@umich.edu

https://deborahloewenbergball.com/

@deborah_ball
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